To approach a more reliable observational signature of a high-spin Kerr black hole, one should take into account the effects of its surroundings. To this end we study in this paper the influence of a surrounding plasma. We consider its refractive and dispersive effects on photon trajectories and ignore the gravitational effects of plasma particles as well as the absorption or scattering processes of photons. With two specific plasma models, we obtain analytical formulae for the black hole shadow and for the observational quantities of an orbiting "hot spot" seen by an observer located far away from the black hole. We find that the plasma has a frequency-dependent dispersive effect on the size and shape of the black hole shadow and on the image position and redshift of the hot spot. These results may be tested by the Event Horizon Telescope in the future.
I. INTRODUCTION
Nowadays, we are entering an exciting new era of precise astronomical observations of black holes. The observations with gravitational waves have achieved a celebrating breakthrough in recent years [1] [2] [3] [4] [5] . Meanwhile, the Event Horizon Telescope (EHT) collaboration is making efforts on capturing the first image of an astrophysical black hole through electromagnetic wave observations [6] . Therefore, there is increasing interest in studying theoretical templates for those observations among the gravity community [7, 8] . The optical signature of a highspin Kerr black hole at EHT has been studied recently in Refs. [9] [10] [11] , where the authors found some striking signatures which may serve as 'smoking gun' to identify the black hole in the universe. A generalization of these signatures for a Kerr-like black hole in a modified gravity has been discussed in Ref. [12] . In these studies, the light rays were assumed as lightlike geodesics of the spacetime without being influenced by the medium they passed through. However, an astrophysical black hole is usually surrounded by a complicated environment (such as a corona, a plasma and jets, etc.) and photons near the black hole have to pass through this before reaching to an observer far away from the black hole. In general, the influence of these surroundings on astronomical observations can not be neglected. Then, what about the signatures at EHT if we take this influence into consideration?
Though there are various forms of matter surrounding a black hole, in this work we will only concentrate on the influence of a plasma. Plenty of astronomical phenomena of a black hole in a plasma have been studied ever since the 1960s [13, 14] while there were also some recent studies on gravitational lensing [15] [16] [17] [18] [19] [20] [21] , and shadow of black holes [21] [22] [23] [24] [25] and wormholes [26] . Here, we are aiming to find the influence of a plasma on: a) the shape and size of shadow for a high-spin black hole, and b) the image of an orbiting emitter ("hot spot") near the black hole. To achieve this target analytically, we will consider several idealized plasma models which have power-law-like distributions and satisfy a separation condition proposed by Perlick and Tsupko [25] . The shadow for a Kerr black hole in a plasma has been studied in Refs. [23, 25, 27] . However, it is worth to revisit this for a high-spin black hole since doing so helps one to understand the image of a hot spot (and thus, the signature at EHT) better. Moreover, in contrast with these works, we will calculate the shadow either using a different method or with different plasma models (or both). The complete signature at EHT should be the combined information of the black hole shadow and the signal from the hot spot. In addition to the influence on the size and shape of a black hole discussed in [25, 27] , we find that there is a special segment of the shadow edge originating from the nearhorizon region and is approximately the same for both of the power-law-like models (18) and (19) . Moreover, the image position and redshift of the hot spot are obviously influenced by the plasma as well. Furthermore, this observational signature is frequency-dependent and there is a greater influence on light rays with lower frequencies. This paper is organized as follows. In Sec. II, we review the photon motion in Kerr spacetime with a plasma and introduce two plasma models with radial power-lawlike distributions to be considered later. In Sec. III, we revisit the shadow of a Kerr black hole in the presence of a plasma, in particular, we study the extremal limit of the shadow and the near horizon extremal Kerr line (NHEKline). In Sec. IV, we write down the lens equations for an orbiting emitter and find solutions for a nearextremal black hole to the leading order in the deviation from extremality. In Sec. V, we present the results for the observational appearance of this orbiting emitter and illustrate these with figures. In Sec. VI, we give a summary and short conclusion. We relegate some technical steps and discussions to appendixes.
II. PHOTON MOTION IN KERR SPACETIME
WITH A PLASMA
A. Photon motion
We work in the Kerr spacetime which is thought to describe astrophysical black holes in our universe. The Kerr metric in Boyer-Lindquist coordinates, x = (t, r, θ, φ), is arXiv:1903.04382v2 [gr-qc] 10 Apr 2019
given by
where
We consider that there exists a non-magnetized pressureless plasma with electron frequency [15] 
where e and m e are the electron charge and mass, respectively, and N e is the electron number density. In the geometric optics limit, the Hamiltonian for a photon propagation through this plasma can be written as [15] H(
where p µ are the components of the four-momentum of the photon and g µν are the contravariant components of the metric. p = (p t , p r , p θ , p φ ) are the canonical momentum coordinates.
Note that the plasma has a refractive effect on the photon trajectories and the index of refraction n(x, ω) is given by
where ω(x) is the photon frequency with respect to the plasma medium. For a photon to be able to propagate through this medium, one should require
For details with regard to the plasma theory, readers may refer to Refs. [15, 16] . In order to find the equation of motion for photons in the Kerr spacetime with a plasma, we should take care of the plasma frequency. In the vacuum case ω p (x) = 0, there are four constants of the photon motion: the hamiltonian H = 0, the total energy E = −p t , the angular momentum L = p φ and the Carter constant
. Provided these constants, the photon trajectories are uniquely determined and one may obtain them by solving the Hamilton-Jacobi (H-J) equation. However, this is no longer the case in general if there is a non-zero plasma. For photons propagating through a plasma, the Hamiltonian H = 0 still holds. If we assume that the plasma frequency depends only on r and θ, then E = −p t and L = p φ are still constants of photon motion since ∂ t H = 0 and ∂ φ H = 0. For later reference, we introduce ω 0 to denote the photon frequency measured at infinity, then we have E = ω 0 (hereafter we set = 1 for convenience). Next, to make the H-J equation separable, the plasma frequency ω p (r, θ) should take the following form [25] ,
with some functions f r (r) and f θ (θ). Therefore, we can get a generalized separation constant,
Follow the convention of Refs. [9, 28] , we define the generalized Carter constant as Q = K −(L−aE) 2 , the explicit expression is
Note that, if f θ (θ) is a constant function, we have Q − f θ (θ) ≥ 0 for any photon passing through the equatorial
It is convenient to introduce the following rescaled quantities and functions,
In the vacuum case, the trajectory of a photon is independent of its frequency and may be described only by the rescaled quantitiesλ andq [29] . In the presence of a plasma, however, the photon trajectory does depend on the photon frequency and should be described also with an additional variable ω 0 (since the functions f r and f θ are not variables of photons). This can be seen from the trajectory equations (11) .
Provided that the surrounding plasma satisfy the separation condition (7), one can obtain the equation of motion for photons by using the Hamilton-Jacobi (H-J) method, as follows,
with
The functions R(r) and Θ(θ) are the radial and angular potentionals in a plasma, respectively, while the functions R vac (r) and Θ vac (θ) are the corresponding potentials in the vacuum case, respectively. Note that the trajectory equations have the same formulas as those in the vacuum case but the corrections are implied in these potentials. The integrals in these equations are to be evaluated as path integrals along each trajectory, thus, we use slash notations to distinguish these with ordinary integrals. The plus/minus sign in these equations are chosen to be the same as those of the corresponding directions of photon propagation (sign of dr or dθ). The direction is changed every time when the light ray meets a turning point where either R(r) or Θ(θ) vanishes.
To summarize, the plasma contributes an additional term to the Hamiltonian of a photon, which makes the H-J equation non-separable in general. By assuming that the plasma frequency satisfies the separation condition (7), the equation of motion for photons can be obtained and the influence of a plasma appears only from the radial potential R(r) and angular potential Θ(θ).
B. Plasma models
As the plasma surrounds with a stationary and axisymmetric black hole, we will consider several specific plasma distributions which depend only on r and θ. The simplest and well-studied model is the radial power-law density [16] which depends only on r and satisfies
where N 0 is a constant and h ≥ 0. Unfortunately, this does not satisfy the separation condition (7), thus the above mentioned procedure for obtaining photon motion can not be applied. Nevertheless, we may assume the plasma density has an additional θ dependence such that the separation condition is satisfied, and we make a choice for f r (r) and f θ (θ) in Eq. (7) as [25] 
where C > 0 and 0 ≤ k ≤ 2. Since the plasma density is supposed to be negligible at infinity, we are going to consider two models with k = 0 and k = 1. Model 1: A plasma density with f r (r) = 0,
Model 2: A plasma density with f r (r) = ω
We have introduced a constant ω c in these models. For later reference, we will also introduce a rescaled constant, ω c = ω c /ω 0 . We name the plasma distributions with the form of Eqs. (7) and (17) the power-law-like models for the reason that the distributions are approximately the same as the power-law models at large r.
Since we are interested in the optical appearance of a black hole, we may expect the existence of a light ray anywhere in the outside of the black hole. As mentioned following (10) , light propagation in a plasma does depend on the photon frequency ω 0 . The condition (6) gives a constraint between the plasma frequency ω p and the photon frequency ω 0 [25] ,
As we have already seen from the Eqs. (11) that, in the presence of a plasma, the relevant quantity to describe a photon trajectory (and thus the observables) is the ratio of plasma frequency and photon frequency which can be represented by the ratioω c for these two models. Note that this ratio may reflect two kinds of different physics. On the one hand, if we consider only the photons with a given frequency, different ratios represent different case studies of plasmas with different densities. On the other hand, for a given plasma distribution, different ratios represent the chromatic effect of the plasma. Later we will study the dependence of the optical appearance on the ratioω c .
For the models (18) and (19), we always have ω p < ω c . Therefore, the photon trajectory is similar as it would propagate in vacuum spacetime ifω c 1 [as from Eq. (5) the refraction index n → 1]. However, ifω c 1, it is even impossible for a photon to propagate in the plasma.
Even though the plasma models discussed here are highly idealized, it is possible to extract some approximate effects of a real plasma by using these toy models. Therefore, we will assume the plasma density satisfies the separation (7) and mostly focus on the power-lawlike models throughout the rest of the paper. For convenience, later we will also use the subscripts s and o to represent the source of photons and the observer, respectively.
III. SHADOW OF AN EXTREMAL KERR BLACK HOLE IN A PLASMA
In Ref. [25] , the Kerr shadow in a plasma has been analytically calculated by using the celestial angles [30] which is appropriate for any position of the observer. Moreover, it is also firstly shown in [25] that the analytical approach based on solving the trajectory equations is possible only for a plasma distribution with the form of (7) 1 (as was reviewed in Sec. II). In addition, the shadow also has been numerically performed in Ref. [27] . The numerical approach is, in principle, possible for any distribution of plasma (for example, the power-law form and exponential form have been discussed in [27] ).
Here, we revisit the shadow for a Kerr black hole in the presence of a plasma by using the impact parameters [29] (also refer to as 'scree coordinates' in literature, see App. A for a review) which is appropriate for observers at large distances. In particular, we will study the extremal limit of the shadow and take care of the photons in the near-horizon region, whose images are supposed to appear on a vertical line in the vacuum case, the so-called NHEKline [9] . In Sec. IV, we will further study the image of an orbiting emitter ("hot spot") in this near-horizon region to seek for more signals related to astronomical observations.
The edge of a shadow corresponds to unstable spherical photon orbits around a black hole, which satisfy
where prime denotes derivative. Solving these equations, we havê
where we have introduced
Note that in the near-horizon limit r → M , we have δ → 0. As discussed below (9), a photon orbit crossing the equatorial plane should satisfŷ
Plugging (23b) into (25) gives a region of spacetime filled with such spherical photon orbits. We call this region the "photon region". (Note that here the photon region is slightly different from that in Ref. [25] since we only include those photon orbits which cross the equatorial plane).
We use the 'screen coordinates' (α, β) [Eq. (A4)] to describe the image on the sky. The edge of a black hole shadow is the curve (α, β) with Eq. (23) forλ andq being plugged in, as
where the parameter r ranges over this photon region (25) and also makes β be real at a desired inclination.
A. Extremal limit and NHEKline
Now we consider the extremal limit following the procedure of Ref. [9] . Letting a → M in Eqs. (23), we have
Then the condition (25) on the radius r is expressed explicitly as
The shadow edge is then obtained by plugging (27) into Eqs. (A4), as follows
For different choices of a plasma model and an inclination θ o of the observer, the curves given by (29) may either be closed or open. In case of an open curve, there are two endpoints correspond to r = M , (i.e., photons originate from the event horizon). For a radial power-law-like plasma with
the endpoints are at [plugging r = M into (29)],
These endpoints exist provided that β end is real, which gives a critical inclination for the observer, θ crit < θ o < π − θ crit , where
Note that there are no endpoint at all forω c > √ 3 and in that case the given curve is closed. Note also that a real β end also requires that
Later we will consider that the observer is located at a nearly edge-on inclination, θ o = 84.27
• (corresponding tô ω crit ≈ √ 2.97), thus, for this observer the endpoints exist provided thatω c √ 2.97. For later reference, we refer to the plasma withω c √ 2.97 as "low density" plasma, otherwise as "high density" plasma.
Since the edge of a shadow does close for all a < M , such an open curve has missed an important piece originating from the near-horizon sources. To recover the missing part, we consider the extremal limit again by introducing
where σ is a small parameter. Then for photons orbits which cross the near-horizon region, Eqs. (23) givê
wheref (0) r (r) represents the leading order term in σ. Note that the plasma has no influence onλ in this limit. For the radial power-law-like plasma with (30), we havê
Then the other piece of shadow edge (originate from nearhorizon region) is traced by
From the condition (25) and the requirement β ∈ R, we can get the allowed range of R, as
As σ → 0 and in the allowed range of R, we have
This gives precisely the missing part of an open curve, which is the generalized NHEKline [9] in the presence of a plasma. Note that since both of the plasma models (18) and (19) 
B. Silhouette of black hole
We now show the silhouette of a black hole shadow observed at θ o = 84.27
• for the two specific plasma models (18) and (19) over the allowed range of r for each given value ofω c . This allowed range can be found numerically from the inequality (28) .
These exhibit the following dependencies of the shadows on the plasma model and on the value ofω c . Each of the shadow edges for a "low density" plasma has a vertical part while that for a "high density" plasma does not. The shadows shrink in both model 1 and model 2 when ω c is increased. Moreover, at a given value ofω c , the shadow shrinks more in model 2 than in model 1. This is because the model 2 has a larger plasma density at a given distance r since the density scales like 1/r while in model 1 it scales like 1/r 2 . Furthermore, in both model 1 and 2, photons in the near-horizon region have contributions to the shadows only forω c < √ 2.97 (which gives the NHEKlines). At each same value ofω c , the NHEKlines for these two models are the same. Whenω c goes from 0 to √ 2.97, the NHEKline appears at the same coordinate of α while the maximum absolute value of β decreases.
Note that the plasma distributions of example 2 and example 3 in Ref. [25] also have the power-law-like form (17) with ω 2 p ∼ r −2 and r −3/2 , respectively. The results in [25] 
• . We find a good agreement between our results and those in [25] on the general features discussed above (except details of the NHEKlines since these have not been discussed in [25] ). Moreover, the critical ratios for the photon regions are also quantitatively comparable among these results up to factors in these plasma models and the approximations of observers' locations and black hole spins. Furthermore, these features for the powerlaw-like plasma models also qualitatively agree with those for the power-law models [with the form of (16)] which have been numerically performed in [27] for ω 2 p ∝ r −1 , r −2 and r −3 . Therefore, even through the separation condition (7) has been proposed based on a mathematical motivation [25] , it is nevertheless physically effective. 
IV. ORBITING EMITTER IN A PLASMA
Now we consider an isotropic point emitter ("hot spot") orbiting on a circular and equatorial geodesic at radius r s around a Kerr black hole in the presence of a plasma. This point emitter is supposed to be much heavier than the plasma (for example, it could be a star), thus, we may neglect the influence of the plasma on the motion of this emitter. The angular velocity for such an emitter is given by [31] (same as in vacuum Kerr spacetime)
and the innermost stable circular orbit (ISCO) is given by
A. Lens equations
The orbiting emitter at (t s , r s , θ s , φ s ) is connected to an observer at (t o , r o , θ o , φ o ) by photon trajectories described by the equations (11) . The interval of the integrals in these equations are chosen from r s to r o and from θ s to θ o , respectively. In addition, we have ∆φ = φ o − φ s and ∆t = t o − t s . Using the relation φ s = Ω s t s , we have
then the unknowns φ s and t s can be decoupled from the equations (11b) and (11c). Following Ref. [9] , we rearrange these equations (11) as the Kerr lens equations in the presence of a plasma. First, we introduce parameters b ∈ {0, 1}, m ∈ Z ≥0 to denote the number of radial and angular turning points, respectively, and s ∈ {−1, 1} to denote the final orientation of p θ . Then we set φ o = 2πl with l ∈ Z recording the net winding number executed by the photon relative to the emitter between its emission time and reception time. Finally, the lens equations can be re-expressed as
where I r ,Ĩ r , J r andJ r are radial integrals defined in appendix C 1 and G m,s i (i ∈ {t, θ, φ}) are angular integrals defined in appendix C 2. These equations have the same formulae as those in vacuum Kerr spacetime, however, the differences are implied in the integrals. Solving these lens equations for given parameters m, s, b and given values of r s and θ o , we can write the conserved quantitiesλ andq in terms of t o which label the photon trajectories connecting the source to an observer.
B. Near-extremal solutions
We assume the emitter is on, or near, the prograde ISCO of a near-extremal black hole. It is convenient to work with a dimensionless radial coordinate R which is related to the Boyer-Lindquist radius r by
We introduce a small parameter 1 to describe the condition for the near-extremality of a black hole, as follows,
Under this condition, the ISCO [Eq. (41)] is located at a coordinate distance ∼ from the horizon,
thus, the radial coordinate for the emitter can be written as
which means that the emitter is in the near-horizon region. Even though the motion of this emitter is not affected by the plasma, its image can only possibly be seen if the plasma density hasω c √ 3 as the light rays are refracted by the plasma, and in that case the image appears on the NHEKline (see discussions in Sec. V A).
Following Ref. [9, 28] , we introduce new quantities λ and q instead ofλ andq (see appendix B 1 for interpretations).λ
Plugging the expressions (46), (48) and (49) into the lens equations (44) gives the near-extremal lens equations. Then for given values of r s and θ o , we solve these equations to the leading order in for the plasmas with distributions (18) and (19) , respectively, following the procedure of Ref. [9] .
Note that even though we have considered a nearextremal black hole with the condition (46), it turns out that the results are identical to the leading order in if we considered an extremal black hole with a = M [9].
We choose f r (r) = 0 and f θ (θ) = ω 2 c M 2 . In this case, the radial potential is the same as that in the vacuum Kerr case [9] , thus, we have the same radial integrals and then we obtain the same formulae of solutions for the lens equations up to corrections in the angular integrals. These integrals are performed in App. C.
First, we make a choice of the parameters b, m and s. Then, from the first equation (44a) we can obtain the condition for the existence of a solution,
and the solution, as follows,
Here, Υ > 0 is defined by
and Gm ,s θ is defined in Eq. (C6), with
Next, regarding the second equation (44b), we introduce a dimensionless time coordinatet o which is restricted to unit period of the emitter,
Thus, the second equation can be written in terms of this dimensionless time coordinate, aŝ
where J integrals and G integrals are given in App. C.
Note that we have already obtained a function λ(q) [Eq. (51)] in the allowed range of q [Eq. (50)] from the first equation, the second then gives a functiont o (q). Inverting this function in each monotonic domain gives a function q i (t o ) for a given choice of integer l. Here we have introduced a discrete integer i to label the monotonic parts oft o (q) in each of the allowed ranges of q. Since the observational quantities can be expressed in terms of the conserved quantities λ and q, each q i (t o ) corresponds to a specific track segment of the emitter's image which can be labeled by (m, b, s, l, i).
Model 2: ω
We choose f r (r) = ω 2 c M r and f θ (θ) = 0. Since the lens equations for this case are similar to those for model 1 (see App. C for details), we can find the solutions in a similar way for a given choice of parameters b, m and l. For convenience, we introduce a new parameterq = q 2 −ω 2 c . The solution of the first equation (44a) and the condition of its existence are given by replacing q withq in the formulas (51) and (50), respectively, where the expression of Υ is corrected as
and Gm ,s θ is given in Eq. (C6) withm being defined in (54).
The second equation (44b) can also be rewritten in a form as (56), however, the J integrals and G integrals therein are different from those for model 1 (see App. C).
Similarly, we can also obtain the image track segment q i (t o ) of the emitter labeled by (m, b, s, l, i) .
V. OBSERVATIONAL APPEARANCE OF THE ORBITING EMITTER
In the vacuum case, the image of an emitter orbiting on the ISCO of a rapidly rotating black hole appearing on the NHEKline has a rich structure [9] . Next, we will study the influence of plasma on this image.
A. Observational quantities
From the previous section, the photon conserved quantities q(t o ) and λ[q(t o )] (along trajectories) are obtained for the plasma models (18) and (19) . These conserved quantities help to describe the observational appearance of the emitter: the image position, redshift and flux. We briefly review this for a general black hole in App. B and give the results for a near-extremal black hole below.
In the near-extremal limit and to the leading order in , we have (see Sec. IV B)
Then, the apparent position (A4) on the celestial sphere is expanded as
where s is the final orientation of p θ . Note that λ does not appear to the leading order and q should be in a range such that β is real. For an observer at θ o = 84.27
• , this range is obtained as 0 ≤ q 2.97 −f θ (θ o )/M 2 . Combining with another range of q discussed in App. B 1, we find that the image of a hot spot in a plasma with models 1 and 2 appears on the NHEKline (see Sec. III A).
The redshift factor (B12) is expanded as
The flux (B13) is expanded as
where A and B are defined in (B14), and
and
withf (0) r (r s ) being the leading order term off r (r s ) in . Note that these results are obtained for each given choice of discrete parameters m, s, b and l, which corresponds to a specific image track. The full time-dependent image is completed by finding all such tracks for all choices of these parameters. The influences of plasma on these observables are introduced from the functionŝ f r andf θ , as well as from the quantities λ and q which label different photon trajectories.
B. Hot spot image
We now describe the observational quantities of the hot spot's image with figures following the procedure of Ref. [9] and using the open numerical code therein. The image depends on the choice of the plasma distribution and the parameters R o , θ o , andR. We will consider the two plasma models (18) and (19) with several certain values ofω c , respectively. In order to compare the results with those for vacuum case [9] , we make the following choice for these parameters:
As described in Sec. IV B, for each choice of discrete parameters m, b, s, l and an additional label i, we can obtain an image track segment q(t o ) [and λ(t o )]. The main observables for the segment are given in Eqs. (60), (61) and (62). The completed information of the image is built up by including all such choices of parameters (in practice, we consider only a few values of m and l since the image for others are vanishingly small) [9] . Below we show the brightest few images for model 1 [Eq. (18)] in Fig. 2 and for model 2 [Eq. (19) ] in Fig. 3 , respectively. We consider four different values of the ratioω c for each of the models and also colour-code continuous image tracks in each of these plots.
Comparing Fig. 2 with Fig. 3 , we find that the images of model 1 and model 2 (with a given value ofω c ) are very similar. This is because the difference between the lens equations (44) among these two models is negligibly small. Firstly, the lens equations in the near horizon region are the same to the leading order in for both models. Secondly, even though there are differences appearing in the far region, these have a negligible influence on the image since the plasma densities decrease with r in an inverse power-law behavior. [See the results and discussions for plasma distributions with f r (r) = M 2−k ω 2 c r k , (k = 0, 1), and f θ (θ) = 0 in App. C.] Therefore, here we will only discuss the features exhibited in Fig. 2 for the model 1. In each case, the green line is for the brightest primary image while others are for the secondary images. Note that the secondary images are, in general, much fainter than the primary image and are important only when different image tracks intersect. Therefore, below we will focus on the feature of the primary image. In each of these cases, the primary image (if any) appears near the center of the NHEKline before moving downward while spiking in brightness. The image appears periodically and the period stays unchanged whenω c is increased. Forω 2 c = 0, this corresponds to the vacuum case and the results are agree with Ref. [9] . For a non-zero plasma, there are remarkable influences on the image position and redshift while smaller influence on the image flux. Whenω c is increased from zero, not only the maximum elevation of the NHEKline (β max ) decreases but also the relative portion of the NHEKline on which appears the image (β/β max ) decreases, and so does the redshift factor and time duration of the image. Note that for smaller values ofω c the primary image is blueshifted while for larger ones it becomes redshifted. The primary image vanishes when ω c is greater than a critical value and the entire images vanish whenω c √ 2.97.
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VI. SUMMARY AND CONCLUSION
In this paper, we investigated the observational signature of a high-spin black hole in the presence of a surrounding plasma. We consider the plasma as a dispersive From left to right, we have ωc/ω0 = 0, √ 0.5, √ 1.2 and √ 2.5, respectively. We have color-coded the images in the same way as that of Ref. [9] and each monochromatic line may be composed of several continuous track segments labeled by (m, b, s, l, i). medium for photons but neglect its gravitational effects. We assume the plasma distributions satisfy a separation condition (7) proposed by Perlick and Tsupko [25] such that the photon trajectory can be solved analytically. Then we study the shadow of the black hole and the signal produced by a nearby hot spot.
To obtain the optical appearance, we first find the equation of motion for photons by solving the HamiltonJacobi equations under the separation condition. We find that the corrections of these to the vacuum case are imposed only from the radial potential R(r) and angular potential Θ(θ) [see Eq. (11)]. We also introduce two special power-law-like models [(18) and (19) ] which satisfy the separation condition in Sec. II B as simple examples which were studied in detail.
Next, we have analytically studied the photon region and shadow of an extremal Kerr black hole surrounded by a plasma. For a power-law-like plasma, the photon region is determined by (28) and the edge of a shadow is described either by the union of Eqs. (29) and (37) or by Eq. (29) only, depending on whether the near-horizon source is in the photon region ("low" density plasma) or not ("high" density plasma). The size of shadow decreases when the density of plasma is increased and the shape of shadow is different for plasma with "low" or "high" density. Moreover, in case of "low" density plasma, the near-horizon sources all terminate at a vertical line: the NHEKline. We show these in Fig. 1 and discuss the features in Sec. III B.
Then we have studied the signal produced by a hot spot orbiting at the ISCO of the black hole (in the presence of a power-law-like plasma). We solve the lens equations in the near-extremal limit in Sec. IV and obtain analytical formulae for the observational quantities: the image position (60), the image redshift (61) and the image flux (62). Note that since the ISCO of a high-spin black hole is in the near-horizon region, this signal can only possible be seen for a "low" density plasma. The plasma has a remarkable influence on the brightest image: the segment on the celestial sphere for the image to appear is smaller than that in the vacuum case and so does the redshift. We show these in Fig. 2 and 3 and discuss the features From left to right, we have ωc/ω0 = 0, √ 0.5, √ 1.2 and √ 2.5, respectively. We have color-coded the images in the same way as that of Ref. [9] and each monochromatic line may be composed of several continuous track segments labeled by (m, b, s, l, i).
in Sec. V B.
In a real astrophysical setup (given the parameters for the black hole and the surrounding plasma), the ratiô ω c depends on the frequency of photon, thus, the observational signatures that we discussed above are all chromatic. Note that the ratioω c is greater for a photon with lower frequency, thus, there is a larger influence on the trajectory of such photon. Combining the information of black hole shadow and hot spot signal, we can sketch a picture (template) for what we may see from the Event Horizon Telescope.
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Appendix A: Screen coordinates
In this appendix, we introduce a pair of screen coordinates, α and β, in the rest frame of an observer to describe specific positions on the celestial sphere [29] . We choose the following tetrad for the observer located at r = r o , e (to) = Ξ ∆Σ ∂ t + 2M ar ΞΣ∆ ∂ φ , e (ro) = ∆ Σ ∂ r ,(A1a)
The frame components of four vectors are defined in the usual way,
where η (a)(b) = diag (−1, 1, 1, 1 ). For photons with conserved quantitiesλ andq that reach to the observer, tracing backward along their trajectories to the source gives the image of the source. Thus, the coordinates can be defined with the help of photon motions (see Sec. II A), as
These describe the apparent displacements of the image relative to the center of the black hole: α and β are, respectively, in the direction perpendicular/parallel to the axis of symmetry of the black hole.
As r o → ∞, the coordinates read
though the far region piece contains differences among these two models, the plasma densities are small in that region since they scale like 1/r h (h=2 and 1, respectively).
